Black Holes in Brans-Dicke Theory with a Cosmological Constant 
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Since the Brans-Dicke theory is conformal related to the dilaton gravity theory, by applying a 
conformal transformation to the dilaton gravity theory, we derived the cosmological constant term 
in the Brans-Dicke theory and the physical solution of black holes with the cosmological constant. 
It is found that, in four dimensions, the solution is just the Kerr-Newman-de Sitter solution with 
a constant scalar field. However, in n > 4 dimensions, the solution is not yet the n dimensional 
Kerr-Newman-de Sitter solution and the scalar field is not a constant in general. In Brans-Dicke-Ni 
theory, the resulting solution is also not yet the Kerr-Newman-de Sitter one even in four dimensions. 
The higher dimensional origin of the Brans-Dicke scalar field is briefly discussed. 
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I. INTRODUCTION 



In 1915, Einstein constructed the relativistic theory of 
gravity, i.e. general relativity. General relativity is ex- 
tremely successful at describing the dynamics of our solar 
system and perhaps the observable Universe. However, 
general relativity probably does not describe gravity ac- 
curately at all scales. Two kinds of problems coming from 
two different ways, namely that, the singularity prob- 
lem at small scales and the dark energy problem at large 
scales, may account for this point explicitly. Since gen- 
eral relativity is also a classical theory, it is natural that 
it will face the singularity problem. As regards dark en- 
ergy, Lovelock showed us long ago that it was an entirely 
natural part of general relativity, namely, the cosmologi- 
cal constant term being the dark energy. However, if we 
take the cosmological constant term as the dark energy, 
we will face two even harder problems, the well-known 
cosmological problem and the correspondence problem. 
It is widely believed that these problems may be over- 
come in the quantum gravity. On the other hand, general 
relativity does not accommodate either Mach's principle 
or Dirac's large-number hypothesis. Herein, various al- 
ternatives of gravity have been explored. 

As the simplest modification of general relativity, 
Brans and Dicke developed another relativistic theory 
of gravity, namely that, the notable Brans-Dicke theory 
[lj. Compared to Einstein's general relativity, Brans- 
Dicke theory describes the gravitation in terms of the 
metric as well as a scalar field and accommodates both 
Mach's principle and Dirac's large-number hypothesis as 
its new ingredients. Furthermore, Brans-Dicke theory 



also passed all the available observational and experi- 
mental tests [2|. Unfortunately, the singularity problem 
remains in this theory. 

Since the gravitational collapse and the subsequent 
black hole formation is of great importance in classical 
gravity, many authors have investigated these aspects in 
Brans-Dicke theory Q ■ Hawking has proved that in four 
dimensions, the stationary and vacuum Brans-Dicke so- 
lution is just the Kerr solution with constant scalar field 
everywhere |^ . Cai and Myung have proved that in four 
dimensions, the charged black hole solution in the Brans- 
Dicke-Maxwell theory is just the Reissner-Nordstrom so- 
lution with a constant scalar field Q- Since one had 
no knowledge of the cosmological constant term in the 
Brans-Dicke theory, one had not obtained the solution 
of black holes with the cosmological constant. Thus the 
goal of this paper is to report we have found the explicit 
expression of the cosmological term and the solution of 
de Sitter version for black holes in Brans-Dicke theory. 



II. BLACK HOLES IN FOUR DIMENSIONS 

We start from the actions of dilaton gravity theory 
and the Brans-Dicke theory in four dimensions which are 
given by 

d A x^g [R - 2V^V^ - V (</>) 

2a<j>p2 



— e 




u> 



v^w-v(<£) 



(i) 



'Electronic address: 
t Electronic address: 



gaocj@mail.tsinghua.edu.cn 



zhangsn@mail.tsinghua.cdu.cn 



where R, R are the scalar curvature, F 2 , F 2 are the usual 
Maxwell contribution, a is an arbitrary constant govern- 
ing the strength of the coupling between the dilaton and 



the Maxwell field, and V (</>) is the potential of dilaton 
which is with respect to the cosmological constant given 

by® 



v(4>) 



2X 



(3a 2 - 1) e~ 2 ^ a 



3(1 + a 2 ) 

+ (3 - a 2 ) e 2 ^ Q + 8a V Q 
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Here A is the Einstein's cosmological constant. When 
a = or 4> = 0, the potential reduces to the usual Ein- 
stein cosmological constant. As for the scalar potential 
V{4>), we have no knowledge about it. In the next, we 
would derive this potential by performing a conformal 
transformation. 

Varying the actions with respect to the scalar fields, 
respectively, yields 



- 1 dV " , ■■■'-p-i 
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Using equations (3), if we perform a conformal transfor- 
mation with 



and demand 



-1}V^W$ ex v^s-v^v^, 



-ge 



(4) 



we get the following relations 



a = 0, 4> = fa (In <f> - In <fo) , 



(5) 



(6) 



where f$ and 4>o are two integration constants. The re- 
sulting action of Brans-Dicke theory is 



S 



d^x, 



(f>R 



-V„0V\ 



F 2 



2\<p 2 + Acj) d+ 3 C 



(7) 



where A is an integration constant and to = 2f 2 — 3/2. 
The cosmology with the potential V(<fi) = 2\<fi 2 have 
been discussed by Santos and Gregory Q- Torres have 
investigated the cosmology with even more general po- 
tential V — (j) n 3 . Here we have derived it theoretically. 
We see that when a = 0, the dilaton gravity theory 
reduces to the Einstein-Maxwell-scalar theory and the 
physical black hole solution is just the Kerr-Newman-de 
Sitter solution with a constant scalar field </>. On the 
other hand, Eq.(6) indicates that is also a constant. 
Thus we see that the physical black hole solution 
in Brans-Dicke theory in four dimensions is still the 
Kerr-Newman-de Sitter one. In this aspect, Hawking has 
proved that in the four dimensional vacuum Brans-Dicke 



theory, the black hole solution is just the Kerr solution 
with a constant scalar field. Cai and Myung have 
proved that in four dimensions, the charged black hole 
solution in the Brans-Dicke-Maxwell theory is just the 
Reissner-Nordstrom solution with a constant scalar field. 
Thus our conclusion is an extension of their results. 
We note that the constant A is not present in the 
solution. Thus the term 2A</> 2 in Eq.(7) corresponds to 
the Einstein cosmological constant. It is a remarkably 
simple expression. 



III. BLACK HOLES IN HIGHER DIMENSIONS 

The higher dimensional analogue of the actions for the 
dilaton gravity theory and the Brans-Dicke theory are 



S 



s = 



d n X^ 
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xv-g 
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where 
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Varying the actions with respect to the scalar fields, 
respectively, yields 
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Using equations (10), if we perform a conformal trans- 
formation with 



9p,v ^<P n - 2 g^, 



(11) 



and demand 
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we get the following relations 
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where 0o is an integration constant. The resulting action 
of Brans-Dicke theory is given by 



S = S = 
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A is an integration constant. For simplicity in writing, 
the potential is expressed as the function of cf>. At first 
glance, it is very complicated. In fact, the potential 
consists of simply four monomials of the scalar field <f>. 

The higher dimensional non-rotating dilaton black 
hole solution (<7 M i/,^, -F M „) with the cosmological con- 
stant has been constructed by us 9]. By applying 
the conformal transformation in Eq.(ll) and Eq.(13), 
we are easy to write out the higher dimensional one 
with the cosmological constant in Brans-Dicke theory. 
In general, the resulting metric is not identical to 
the Reissner-Nordstrom-de Sitter solution. In four 
dimensions, since the scalar field is constant everywhere, 
if a massive body collapses behind an event horizon, 
its effect as a source of the scalar field decreases to 
zero. So Hawking concluded that there will not be any 
scalar gravitational radiation emitted when two black 
holes collide in the four dimensional Brans-Dicke theory. 
In higher dimensions, the scalar field is not constant 
everywhere, so scalar gravitational radiation will occur 
when black holes collide. We note again that A does 



not present in the black hole solution. Thus the A term 
in the potential exerts no influences on the properties 
of the black hole. However, recalling the discussions of 
Santos and Gregory, and Torres, we conclude that the 
A term makes great contributions to the evolution of 
the Universe. Here the A term in the potential is the 
counterpart of the Einstein cosmological constant. 



IV. BLACK HOLES IN BRANS-DICKE-NI 
THEORY 

In section I, we find that if and only if the cou- 
pling a = 0, the dilaton gravity theory reduces to the 
Brans-Dicke theory via conformal transformation. In this 
section, we show that when a^O, the dilaton gravity 
theory reduces to the Brans-Dicke-Ni theory via confor- 
mal transformation. The action of the four dimensional 
Brans-Dicke-Ni theory is given by 




uJ 



\7^W<j>-V(<j>) 



+f (0) F 



where 



£ = 



~9l^)F 2 



(16) 



(17) 



is the Lagrangian density found by Ni [lOJ . In general, / 
is a scalar function of other fields which includes scalar, 
vector and any other fields in the theory of gravity under 
consideration. However, in Brans-Dicke-Ni theory, / is 
only the function of Brans-Dicke scalar field. Carroll and 
Field have investigated following Brans-Dicke-Ni action 



El 



s = 



(j>R - - V M 0VV - (1 + /3(f) F 2 



(18) 



/3 is some coupling constant. The Brans-Dicke-Ni theory 
leads to the violation of the Einstein equivalence principle 
while obeying the weak equivalence principle. 

Varying the action in Eq.(16) with respect to the scalar 
field yields 



•1 



2oj + 3 



^F 2 
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2^ + 3 



dV 
L >^r--2V 



(19) 



Using equation (19), if we perform a conformal transfor- 
mation in the action S in Eqs.(l) with 



9iiv 



<f> = /o(ln0-]n0o). 



(20) 



where /o, </>o are constants, we find that the dilaton grav- 
ity theory becomes the Brans-Dicke-Ni theory 



S = S 




-V^V> - V (0) 
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where 
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/i,A are two integration constants. The potential also 
consists ol four monomials of the scalar field </> and when 
a = 0, <po = lj it reduces to the potential in Eg. (7). Four 
dimensional rotating [13] and Non-rotating [lij dilaton 
black hole solutions without the cosmological constant 
have been found by Sen and Gibbons etc. Via conformal 
transformation, we are easy to write out their version in 
the presence of the cosmological constant in the Brans- 
Dicke-Ni theory. From the resulting solutions, we can 
conclude that the black hole solution in Brans-Dicke-Ni 
theory is not yet Kerr-Newman-de Sitter one and A term 
in the potential is with respect to the Einstein cosmolog- 
ical constant. A term exerts no influences on the prop- 
erties of the black hole but would make contributions to 
the evolution of the Universe. 



V. HIGHER DIMENSIONAL ORIGIN OF 
BRANS-DICKE SCALAR FIELD 

In the previous sections we have verified that the 
Brans-Dicke theory is conformal related to the dilaton 
gravity theory and the corresponding cosmological con- 
stant term is derived. In this section, we discuss the 
higher dimensional origin of the four dimensions Brans- 
Dicke scalar field. Our discussion is motivated by the 
elegant work of Gibbons et al [l4( . 

Consider the (4 + p + q) dimensional vacuum Einstein 
theory 



'4+p+ 9 



= / d* + P + « Xy /-g 4+p+q R 



i+p+q- 



(23) 



Assume the (4+p + q) dimensional metric takes the form 
of 



ds\ +p+q = e 2a ^ dy dy + e 2 ^ {x) dz ■ dz 



W^^g^dx^dx 1 - 



(24) 



We note that the metric is only depend on the coordi- 
nates of the four dimensional submanifold. Then the 



(4 + p + q) dimensional action reduces to the four dimen- 
sional one 



S = I d i xy / —ge 



(pa+ g7 +2/3)i/> 



[R 

-2(3/3 + pa + qj)\' 2 ip 

- (6/3 2 + p 2 a 2 + g 2 7 2 + pa 2 + g 7 2 

+4g7/3 + Apaft + 2paq~y) V^ipV^ip] . (25) 



Put 



,(pa+g 7 +2 1 8)V> _ 



(26) 



then the action reduces to 



S 



d xy—g 

2 i „„,2 



W + Hpa + lgy^ 



2/3 + pa + q-f 
— (pa 2 + (?7 2 — 6/3 2 — p 2 a 2 — q 2/ f 2 — 697/? — &(ipa 
~2pa qi ) ■ [pa + qi + 2 / 3)- 2 0- 1 V M 0V^] . (27) 

On the other hand, we are aware that the Brans-Dicke 
theory is given by 



S = 



d 4 



xV -9 



<(>R--V l/t (t>W4>-V{4>) 



(28) 



from which we have the equation of motion 
1 



dV 
!>— -2V 



2w + 3 

Substituting Eq.(29) into Eq.(27) and setting 

U = (pa 2 + qj 2 - 6/3 2 - p 2 a 2 - q 2 ~f 2 - 697/? 
—6(3pa — 2paq'f) ■ (pa + qj + 2/3) _2 , 



(29) 



V = 



6/3 + 2pa + 2(n 



1 



2/3 + pa + q-y 2uj + 3 
we can find that when 

pa + qj = 0, 
Eq.(28) turns out to be 



dV 



- 2V , (30) 



(31) 



j4 / 

d x\i —g 



3+ftu 



(pR- -V^V M - A</) J+ 3 



.(32) 



A is an integration constant. It is exactly the action 
of Eq.(7) in the absence of the cosmological constant. 
Thus we see that both Brans-Dicke scalar field and A 
term originate from the extra dimensions of the vacuum 
Einstein theory. 



VI. CONCLUSION AND DISCUSSION 

In conclusion, by applying the conformal transfor- 
mations, we have derived the cosmological constant term 



in the Brans-Dicke theory. It is found that, in four dimen- 
sions, the resulting black hole solution is just the Kerr- 
Newman-de Sitter solution in general relativity. How- 
ever, this is not the truth for higher dimensions. On the 
other hand, in Brans-Dicke-Ni theory, even in four di- 
mensions, the resulting black hole solution is not yet the 
Kerr-Newman-de Sitter one. We had better point out 
that in Brans-Dicke theory, the scalar potential consists 
of two terms one of which, A term, is for the Einstein cos- 
mological constant and the other, A term, has no coun- 
terpart in general relativity. A term exerts influences on 
both the properties of the black hole and the evolution 
of large scale Universe. In contrast, A term exerts no 
influences on the properties of the black hole. But the 
investigations of some specific forms of this term [3, Q 
have revealed that it plays some important role in the 



evolution of the Universe. Thus we should not omit it 
freely. It is found that both the Brans-Dicke scalar field 
and the A term can be viewed as the contributions of 
extra dimensions of the vacuum Einstein theory. 
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